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A THEORY FOR PRIMARY FAILURE OF STRAIGHT CENTRALLY LOADED COLUMNS 
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SUMMARY 

A theory of primary failure of straight centrally loaded 
columns is presented. It is assumed that the column 
cross section and the load are constant throughout the 
length. 

Primary failure is defined as any type of failure in 
which the cross sections are translated, rotated, or trans- 
lated and rotated but not distorted in their own planes. 
In the derivation of the general equation for the critical 
stress, the cross sections are assumed to rotate about any 
axis parallel to the column. When the location of the 
axis of rotation varies from zero to infinity in every 
direction, all combinations of translation and rotation of 
the column cross section are obtained. 

For illustration, the theory is applied to a column of 
I section. The conclusions, however, are generalized to 
include any column with a cross section symmetrical 
about its principal axes. It is shown that, for such 
columns, the theories for bending failure and twisting 
failure are special cases of this general theory and that 
primary failure will occur by bending about the axis of 
minimum moment of inertia or by twisting about the 
centroid, depending upon which gives the lower critical 
stress. 

When a column is attached to a skin, the great stiffness 
of the skin in its own plane causes the axis of rotation to 
lie in the plane of the skin. When the column cross 
section is symmetrical about its two principal axes, one of 
which is normal to the skin, the axis of rotation will be 
either at the point where the principal axis crosses the 
skin or at infinity in the plane of the skin, appending upon 
which location gives the smaller stress. 

It is shown how the effective width of skin that may be 
considered to act with the column and carry the same 
stress as the cohimn alters the section properties of the 
column and how the bending stiffness of the skin resists 
twisting of the column and raises the critical stress. 
Finally, the effective moduli that apply when the column 
is stressed above the proportional limit are discussed. 

An illustrative problem in the first appendix (A) shows 
how the theory for primary failure may be used to con- 
struct the column curve for a skinstiffener panel. 

Appendix B shows how the theory may be applied to 
columns of closed section. For closed sections, however, 
tlie large torsional rigidity precludes anything but bending 
■failure. 

Appendix C contains a derivation of the theoretical 
equation for the effective modulus of elasticity when the 
column is stressed above the proportional limit. 



INTRODUCTION 

In the determination of the compressive strength of 
sheet and stiff ener combinations as employed in s tressed- 
skin structures for aircraft, the strength of the stiffener 
is a most important factor. When failure occurs by- 
deflection normal to the skin, the accepted column 
curve for the material applies. (See reference 1.) 
When failure occurs by deflection of the outstanding 
portion of the stiffener in a direction parallel to the 
sheet, however, there is a combined action of bending 
and twisting in the stiffener that requires for its solution 
a more general theory for primary failure in columns 
than has been available heretofore. 

Primary failure, as used in this report, is any type 
of column failure in which the cross sections are trans- 
lated, rotated, or both translated and rotated but not 
distorted in their own planes (fig. 1). In keeping with 
this definition of primary failure, any failure in which 
the cross sections are distorted in their own planes but 
not translated or rotated is designated "secondary" 
or "local" failure. (See fig. 2.) Consideration is given 
herein only to primary failure. 




(a) (b) 
Uotoe 1.— Primary lafltire. 
(a) Translated. (b) Translated and rotated. 



Fiouee 2.— Secondary, or local, failure. 

Wagner in reference 2 has presented a theory for 
torsion-bending failure of open-section col umns formed 
from thin metal. A part of this theory is summarized 
in reference 3, which also includes the results of tests 
made to substantiate the theory. In his theory, 
Wagner considers the cross sections to rotate about an 
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axis which is parallel to the column and which passes 
through, the center of twist for the section. (See refer- 
ence 4, p. 194, art. 41, for location of center of twist.) 
When the column is attached to the skin of a s tressed- 
skin structure, the stiffness of the skin in its own plane 
and the anchorage of the skin at the sides of the panel 
are controlling factors in the location of the axis of 
rotation. If the stiffness of the skin in its own plane 
is assumed to be infinite, the axis of rotation is forced 
to lie in the plane of the skin. Kotation of the cross 
sections about any axis not lying in the plane of the 
skin would require a movement of the skin in its own 
plane. Such a movement is prevented by the stiffness 
of the skin in its own plane and the anchorage of the 
skin at the sides of the panel. Consequently, for the 
solution of the skin-stiffener problem the Wagner 
theory must be extended to include rotation of the cross 
sections about axes other than the one passing through 
the center of twist. 

The purpose of this report is to present extensions 
of the Wagner theory, as given in reference 2, to include 
rotation of the cross sections about any axis parallel 
to the column. These extensions together with the 
Wagner theory constitute the general theory of primary 
failure of straight centrally loaded columns presented 
in this report. This theory is applicable to any thin- 
wall metal column of uniform section and contains the 
Euler theory for bending and the Wagner theory for 
twisting as special cases. The application of the general 
theory to columns of open section is illustrated by use 
of an I section column, both when the column is free 
and when it is restrained by the attachment of one 
flange to the skin of a stressed-skin structure. The 
application of the theory to a design problem involving 
an open-section column attached to a skin is given in 
appendix A. The application of the theory to columns 
of closed section is of less practical importance and is 
given in appendix B. Appendix C presents the deriva- 
tion of the theoretical equation for the effective modulus 
of elasticity when the column is stressed beyond the 
proportional limit. 

THE THEORY OF PRIMARY FAILURE 
THE WAGNER EQUATION 

The critical compressive load for primary failure of 
an open-section column that is both straight and cen- 
trally loaded when the axis of rotation passes through 
the shear center, in this report called "center of twist", 
is given by equation (9) of reference 2, which written 
with American notation is 



If both sides of this equation are divided by the cross- 
sectional area A, the following equation for the critical 
stress is obtained: 



, _OJ,C BT v*E 



(1) 



where 
E 



E 



is the tension-compression modulus of 
elasticity. 

r> shear modulus of elasticity. 



li, Poisson's ratio for the material. 

J p , polar moment of inertia of the cross seotion 

about the axis of rotation. 

Lo, effective length of column. 

J, torsion constant for the section. The 

product QJ in torsion problems is 
analogous to the product EI in bending' 
problems. (See reference 5.) 

G BT> torsion-bending constant, dependent upon 

the location of the axis of rotation and 
the dimensions of the cross section. A 
complete discussion of how to evaluate 
Get is given in a later section. 

In equation (1) the term ^ is that part of the 

critical compressive stress caused by the resistance of 

G t^E 

the column to pure twisting. The term -j 2 - -j-g is 

that part of the critical compressive stress caused by 
the resistance of the column to bending. In the deriva- 
tion of equation (1) the angular displacement of the 
cross section about the "Tip of rotation was found to 
vary as a half sine wave along the length of the column 
in the same way that the lateral displacements in an 
Euler column vary as a half sine wave along the length. 

C I 
Therefore the term -j^ is analogous to ^- in the Euler 

column formula 

f "" A U W 

where I is the moment of inertia about a centroidal 
axis. 

In order for a column to fail in the manner shown 
in figure 3 (a) the end cross sections must be free to 
rotate about the axis of rotation and there must be no 
restraint of longitudinal displacements at the ends of 
the column. Thus, when primary failure occurs in the 
manner shown in figure 3 (a), the twist per unit length 
is the same at all stations along the length and the 
column is said to be in a condition of pure twisting. 
In a pure twisting failure there are no longitudinal 
bending stresses, with the result that the second term 
of equation (1) is zero. The critical stress for a pure 

twisting failure is therefore given by -j-> which is in 

agreement with the value given by equation (4a) of 
reference 6. In order that the second term of equation 
(1) shall be zero the effective length of the column must 
be infinite (Zo=oo). 

In order for a column to fail in the manner shown 
in figure 3 (b) the end cross sections must be held 
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against rotation about the axis of rotation but there 
must be no restraint of longitudinal displacements at 
the ends of the column. When primary failure occurs 
in the manner shown in figure 3 (b), the twist per unit 
length is variable along the length of the column with 



rotation about the axis of rotation and when buckling 
occurs, there must be complete restraint of longitudinal 
displacements at the ends of the column. Because 
the end conditions for the type of primary failure shown 
in figure 3 (c) correspond to built-in ends in an Euler 
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Figure 3.— End conditions for different effective lengths, £0. 
, QJ, Cbt t'E 



the result that longitudinal bending stresses are present 
in addition to the shearing stresses of twisting. The end 
conditions for this case correspond to pin ends in an 
Euler column with the result thatZo=£ in equation (1). 

In order for a column to fail in the manner shown in 
figure 3 (c) the end cross sections must be held against 



column, £0=9- for this case. Similarly, for any degree 

of restraint against longitudinal displacements of the 
end cross sections the same effective length applies as 
for an Euler column with the same condition of end 
restraint. 
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GENERALIZATION OF WAGNER THEORY 

In the paragraph immediately following equation 
(2b) on page 6 of reference 2 it is stated, "The longi- 
tudinal stresses <r M should not give a resulting bending 
moment (since there is no such moment acting on the 
member). It may easily be shown that this condition 
may be satisfied if and only if the magnitudes r„ and r„ 
refer to the shear center; that is, when the section twists 
about the shear axis, also in the case where longitudinal 
stresses arise." These statements are correct when 
there is no moment acting on the member. A general 
derivation, however, should include a moment acting 
on the member. 

The Wagner theory is therefore based on the assump- 
tion that only torque moments are acting on the member 
at any station x along the column. From this assump- 
tion it follows that at failure all but the end cross sec- 
tions of the column rotate about an axis parallel to 
the column and passing through the center of twist of 
the section. When it is assumed that both torque 
momenta and bending moments are acting on the col- 
umn at any station x, the combined effect is such as to 
cause the cross sections to rotate about some other axis 
parallel to the column. In this case equation (1) will 
give the critical stress provided that C BT and I p , which 
depend upon the location of the axis of rotation, are 
properly evaluated. The Wagner theory, together 
with this extension of it, of which the purpose is to in- 
clude rotation of the cross sections about any axis paral- 
lel to the column, constitutes a more general theory 
for primary failure in columns. The development of the 
general theory is necessary for calculating the column 
strength of stiffeners attached to skin when failure 
occurs by deflection of the outstanding portion in a 
direction parallel to the skin. 

EVALUATION OF Car 

The torsion-bending constant Car is a section proper- 
ly similar to moment of inertia. like moment of inertia 
it is dependent upon the axis about which the section 
property is calculated. Wagner has shown that, in its 
practical evaluation, Gar may be divided into a major 
and a minor part, the latter of which may be neglected 
for most open sections formed of thin metal. In ref- 
erence 3 it is shown that the major part can be expressed 
by a simple integral involving certain areas swept by 
a radius vector. In the evaluation of C BT for some 
stiffener sections used in aircraft structures, however, 
the authors of the present report found it expedient 
to use the basic considerations of displacement from 
which the simple integral involving swept areas was 
derived. * In this procedure certain concepts, not given 
in references 2 and 3, were introduced to clarify the 
method of calculating C BT in the general case. 



In order to evaluate G BT by the general method, a 
portion of the column of length dx is allowed to twist 
about the axis of rotation an amount such that one 
end cross section is so displaced that it forms an angle 
d<p with respect to the other end cross section. The 
longitudinal displacement of any point on the end cross 
section with respect to a reference plane, normal to the 

axis of rotation, is proportional to ^> the angle of twist 

per unit length hereinafter designated 9. The reference 
plane is then located so that the average longitudinal 
displacement of the elemental areas dA of the end sec- 
tion from this plane is zero; i. e., 



fDdA fDdA , 

~7dA—~l— 0 



(3) 



where D is the longitudinal displacement from the ref- 
erence plane of the elemental area dA. Physically the 
reference plane establishes the neutral axis of the longi- 
tudinal bending stresses that result when the end cross 
section is restrained. The general expression for 0 DT , 
which includes both the major and minor parts previ- 
ously mentioned, is (reference 2, equation (6)) 

C BT =fv?dA • (4) 

where u is the longitudinal displacement, from the ref- 

erence plane, of the elemental area dA when t-=5=1' 

The general method of evaluating Obt described in 
the preceding paragraph will now be applied to an I 
section column with tie axis of rotation located at a 
distance r from the centroid in any direction. Wagner 
and Pretschner (reference 3) have shown how to com- 
pute C BT for an I section when the axis of rotation is 
at the center of twist, which is at the centroid for the 

1 section. When the axis of rotation has some other 
location, certain terms must be added to allow for the 
shift in the axis of rotation. In the derivation of 0 B t 
for any location of the axis of rotation, it is convenient 
to resolve the displacement of the one end cross section 
(fig. 4 (a)) into two displacements of translation (1 and 

2 of fig. 4 (b)) and one displacement of rotation about 
the center of twist (3 of fig. 4 (b)). The longitudinal 
displacements of the different parts of the cross section 
caused by the three component displacements of the 
cross section (fig. 4 (b)) are then added to obtain the 
total longitudinal displacement. In the following tabu- 
lations the longitudinal displacements at the center lines 
of the web and flanges are given. The algebraio sign 
of the displacement is positive when a point on the cross 
section moves in the positive direction of x and negative 
when it moves in the negative direction of x (figs. 5, 6, 
and 7). Also note in the expressions for longitudinal 

displacement (LD-1, 2, 3, etc.) that 
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Figure 4.— Displacement of one end cross section with respect to the other when 
rotated about the point P, Q. 

Displacements for rotation about the center of twist 
(fig. 6). — The longitudinal displacement from the 
original plane of the end cross section at a distance s 
measured from 

B toward A is — 0^s 



B toward C, 

0 toward B, 
0 toward B', 

B' toward C, 
B' toward A', 



0 
0 

■ d 2 8 
4 



(LD-1) 



Displacements for translation normal to the web 
(fig. 6). — The longitudinal displacement from the 
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Station x- 





Flams 6— Displacements for rotation 
abont the center of twist. 



Figure 6.— Displacements for translation 
normal to the web. 



original plane of the end cross section at a distance s 

measured from 

B toward A is — 6Qs 

B toward C, dQs 

0 toward B, 0 /T -. oN 

0 toward B', 0 (LD " 2) 

B' toward C, 8Qs 

B' toward A', —OQs, 

Displacements for translation parallel to the web 
(fig. 7). — The longitudinal displacements from the 
original plane of the end cross section at a distance 
8 measured from 



B toward A is 

B toward C, 

O toward B, 
O toward B', 

B' toward C, 
B' toward A', 



BPs 
-dPs 



(LD-3) 



dec 

1 




/ dp 









Reference plane- 

Figure 7— Displacements for translation parallel to the web. 
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Total displacement for rotation about the point P, Q 
(figs. 4, 5, 6, and 7). — By addition of the displacements 
LD-1, LD-2, LD-3, the total longitudinal displacement 
from the original plane of the end cross section at a 
distance « measured from 

B toward A is -6 «Q+Q)-P^ 
B toward C, 6 «(|+<>)+-P| 



O toward B, 
0 toward B', 

B' toward C, 
B' toward A', 



6Ps 
—6Ps 



(LD-4) 



Therefore the longitudinal displacement of the end 
cross section with respect to the reference plane at a 
distance s measured from 

B toward A is g—8 s(-|+q)-p| 
B toward C, g+^s(^+Q)+P^ 



(LD-5) 



O toward B, g+OPs 
0 toward B', g—dPs 

B' toward C, g-6 *($-Q)+P% 

B' toward A', g+8 s(|-Q)-p| 

Now g, the distance of the reference plane from the 
original plane of the end cross section, is determined by 
the conditions of equation (3). The term tds may be 
substituted for dA because the longitudinal displace- 
ments vary linearly across the thickness t a of the web 
and t b of the flanges. Then, if the longitudinal dis- 
placement of the center lines (LD-5) is substituted for 
D, equation (3) becomes, after multiplying by A, 

0=fDtds=fl{ g -{s$+Q)-P^ 
+ fy+0Ps}t*ds 
+ 



J:H<t-«M])«* 



from which 

<7=0 (5) 

From the symmetry of the I section, it might have 
been foreseen that <7=0. The formal proof, however, 
has been presented to show the method that would be 
necessary for the determination of g for other sections. 



Wagner has shown that for sections formed of thin 
metal it is convenient to divide C BT into a major part 
C B and a minor part G T so that 

0 BT =0 B +G T (6) 

In the major part of G B t the longitudinal displacement 
is assumed to be uniform across the thickness of the 
plate and equal to the value at its center line. For the 
major part, dA in equation (4) is therefore written tds. 
Hence 

C B =fuHds (7) 

Substitution of the longitudinal displacements (LD-6) 
for u in equation (7), with 0=1 and g=0, gives for the 
I section 

+j o 2 [P 8 ]H,4s 

+J7[<§-«)-4> 



from which 



2 " r 12 / ' 6 



(8) 



The minor part of C B t is in the nature of a correction 
to the major part to allow for the variation in longitu- 
dinal displacement across the thickness of the web or 
flange. When the thickness is constant along the web 
or flange, the general expression for the minor part is 
(reference 2, equation (6b)) 



8>ds 



(9) 



In order to evaluate f&ds in this equation, the origin 
of 8 must be at the point on the center line of the web 



r 

h 

Z 



•H 



h 

2 

J_ 



t" — p — >) j 

Axis of rotation -* 
Fioube 8.— Method of measuring » for evaluation of oqaatlon (0). 

or flange, extended if necessary, from which a perpen- 
dicular may be erected to pass through the axis of 
rotation. (See fig. 8.) When the thickness varies with 
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s, {? should be placed under the integral sign and equa- 
tion (9) evaluated by either an analytical or graphical 
method. 

As applied to the I section, equation (9) becomes 

h 



J P-2 J «— J 



from which 



Gt — 



b% 



(10) 



72 1 144 1 6 
When the thicknesses t b and f» are small as compared 
with 6 and h, respectively, G T will be very small as com- 
pared with G B and may be neglected in the computation 
of G BT . Substitution in equation (6) of the values of 
G B and G T , however, as given by equations (8) and (10) 
gives 

Ubt—— a r 



24 



2 
b% 
6 



72 ' 



144 



12 ' 6 



+ 



h 4y 



or 



(11) 



where I ¥ and J, are the moments of inertia of the cross 
section about the principal axes y and z, respectively, 
(fig. 4). 

CRITICAL STRESS FOR AN I SECTION COLUMN 

In order to show the effect of variation in jp on the 
critical stress for the I section in a later part of this 



report, it is convenient to write equation (1) in the 
following form 



(12) 



where is the critical compressive stress for a pure 
twisting failure of the web alone when the 
axis of rotation is at one edge of the web, 
that is, the critical compressive stress for a 
long outstanding flange simply supported 
at its base. (See reference 7, equation 
(91).) 

the critical compressive stress for the web 

alone acting as an Euler column. 
j\ 

constants that vary with the dimensions of 
the cross section and the location of the 
axis of rotation. 



Kbt — 



12V 
h 2 

12 Gbt 

1 



K 



On the assumption that the torsional stiffness QJ of 
the I section is equal to the sum of the torsional stiff- 
nesses of the web and flanges (reference 4, p. 76, art. 20) 
the approximate equation for J is 



J=±ht h 3 +^bU 3 



(13) 



For any location of the axis of rotation, the value of 
I p for the I section is 



I,=£;h% +iVbt i +±b%+(ht i +2bh) (P»+tf) 



(14) 



Substitution of the values of J and I p given by equa- 
tions (13) and (14) in the equation that defines K gives 
for the I section 



K=- 



4 + s|(f--) 3 



(15) 



For the same reason that Gbt has been divided into a 
major part G B and. a minor part C T (see equation (6)), 
K BT will likewise be divided into a major part K B and a 
minor part K T so that 



K. bt =S1 b -\-Kt (16) 
Substitution of the values of C B and G T as given by 
equations (8) and (10) for C BT in the equation that 
defines K BT , gives for the I section 



K B = — 
1 + 



and 



Kt=- 



(17) 



(18) 



DISCUSSION 

location of the axis of rotation for a free column. — 
When the axis of rotation is located at a distance r from 

QJ 

the centroid of a section, the value of - j- in equation (1) 



is independent of the direction in which r is measured. 

G I 
Because -j^ is analogous to in the Euler column 

formula, it seems reasonable to expect that, as the axis 

Q 

of rotation moves around a circle of radius r, -v— will 
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vary from a maximum at one of the principal axes to a 
minimum at the other principal axis. Because I P is 
independent of the direction in which r is measured, all 
G 

the variation in -f^ will occur in G BT - It "will now he 
r 

shown that, for a section symmetrical about each of its 
two principal axes, G BT is a maximum or minimum when 
the axis of rotation is on the principal axis about which 
the moment of inertia is, respectively, maximum or 

■minimum . 

It follows from the symmetry of the expressions for 
longitudinal displacement and the limits of integration 



The first derivative set equal to zero shows that Cot is 
either a maximum or minimum when /3=0°, 90°, 



180°, or 270°. When /3=0° or 180° 



dp 



is negative 



provided that !,<!„ in which case 0=0° or 180° 
locates the axis of rotation for G BTmax . Iv>I'> ^ en 
0=0° or 180° locates the axis of rotation for 0 B T mtll . 
Similarly, when 0=90° or 270°, it may be concluded 
that G S t is a maximum or minimum when the axis of 
rotation is on the principal axis about which the moment 
of inertia is. respectively, maximum or minimum . 



200,000 



150,000 



100.000 



50,000 




1.0 



20 



2.5 



3.0 



1.5 
b/h 

Fiotoe 0 —Variation of the critical stress with blh for different locations of the ails of rotation along the principal axes of an I section column with pin ends. Curves 
rrauiusu. van.«u»iu»uu™ ^ ^ t t =U-0S inch, length=17J inches, and B~IW pounds per square inch. 



that Gbt for any section symmetrical about its two prin- 
cipal axe3 will have the form given by equation (11). 
From figure 4 

P=r cos /3 
Q=r sin /3 

Substitution of these values in equation (11) gives 
Gbt={G bt ) p . 0 +I^ cos>p+Is* srin'jS 

The first and second derivatives of G B t with respect to /3 
are, respectively, 



dG&r 

T 



^-=r 2 (7 y -I x ) sin 2/3 
<PG BT „_„ r . Jx)cos2i3 



When a free column of symmetrical section with no 
bending restraint at its ends (pin ends) is of such pro- 
portions that it develops a primary failure, the axis of 
rotation will be either at infinity on one of the principal 
axes or at the center of twist. Figure 9 illustrates this 
fact for a family of I section columns by means of 

curves for critical stress plotted against the ratio ^ 

for different locations of the axis of ratation along each 
of the two principal axes. Inspection of figure 9 shows 

that, for values of jr between 0 and 1.4, the critical 

stress is lowest when the axis of rotation is at infini ty 
along the principal axis parallel to the web. For 
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values of t between 1.4 and 2.0, the critical stress is 

lowest when the axis of rotation is at the center of 

twist (centroid, for the I section). For values of 

greater than 2.0, the critical stress is lowest when the 
axis of rotation is at infinity along the principal axis 
normal to the web. Had a different set of dimensions 
been selected for the family of I section columns in 
figure 9, the crossing points A and B would, in general, 

have been at different values of -jr- Regardless of the 

dimensions used, however, the lowest critical stress 
would always be given by one of the three locations of 
the axis of rotation previously mentioned; i. e., at the 

center of twist (j^=Q> ^=0^ or at infinity on either of 

(P 0 P 0 \ 

In figure 9 the critical stresses are, for the most 
part, greater than the yield point for the present 
engineering materials having the same value of E as 
was assumed in the calculation of the curves. (E= 
10 7 pounds per square inch.) This fact does not detract 
from the conclusions drawn from figure 9 because, when 
a column is stressed above the proportional limit, 
equation (1) may be considered to apply with a re- 
duced modulus of elasticity thereby giving a reduced 
critical stress. The reduced modulus is discussed in a 
later section of this report. 

It will now be proved that for a free column of I sec- 
lion the axis of rotation will be at infinity along the 
principal axis parallel to the web provided that 



and 



T< 14 - 7 



Because the axis of rotation might be at the center of 
twist or at infinity on the principal axis normal to the 
web (fig. 9), the two following conditions must hold if 
the axis of rotation is to be at infinity on the principal 
axis parallel to the web: 

(fcrit) P-Q < C(fcTtt)P"<> 
Q-°> O-O 



(fcrit) P-0<C(/cr<«)p-a. 
<3=» 0-0 

4 

The first of these conditions will be satisfied if 
(fcrit)p-o < \ (fern)— (T^)l p - 0= r^~T?l p - 



or if 



i v t?e < rc BT ^e~\ o 



L *p _1q. 



24 



fo» < 



from which 



b ^ 3 Ih 



The second condition will be satisfied if 

/,</, 

or if 

12 

Multiplication of both sides by j^- gives 



from which 



This condition holds as long as ^ does not become too 
large. If ^ is as large as -J then the following condi- 



tion must be satisfied 



This latter condition will be fulfilled provided that 



T< u - 7 



(19) 



a value of 7* much larger than will be found in any I 

section column of practical dimensions. It may there- 
fore be concluded that primary failure in a free column 
of I section will occur by bending with the neutral axis 
parallel to the web when 



(20) 



b 3 It 

When is greater than -y ^ the critical stress for the 

axis of rotation located at the centroid should be 
computed and compared with the critical stress for 
bending about the axis of minimum moment of 
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inertia. The smaller of these two values will be the 
stress at which failure occurs. 

When the critical stress is to be computed for the 
axis of rotation at the centroid, the curves given in 
figures 10 and 11 may be used to determine the values 
of K and K B ha equation (12). 

Proof that bending failure is a special case of the 
theory presented in this report. — When the axis of 
rotation is at infinity, equation (1) reduces to the 
Euler column formula. In this case, I p and Obt axe 



both infinite. 
,i . Gbt I 



Hence ^=0 and it remains to be shown 



If 0=90° or 270° 



Obt 
I. ' 



A 



Location of the axis of rotation for a column attached 
to a skin. — When a column with pin ends is attached 
to the skin of a stressed-skin structure, the stiffness of 
the skin in its own plane and the anchorage of the skin 
at the sides of the panel are controlling factors in the 
location of the axis of rotation. In this discussion it 
is assumed that the skin provides only lateral support 
at its point of attachment to the column. Rotation 
of the cross sections about any axis not lying in the 
plane of the skin would therefore require a movement 




8 .9 1.0 I.I 1.2 1.3 1.4 1.5 1.6 1.7 18 1.9 BO 
. b/h 

Figote 10.— Variation of K with 6/ft for different values of W» when the ails of rotation 13 at the centroid of an I section column. 



Equations (11) and (14) show that as the axis of 
rotation approaches infinity along a radius r the terms 
involving both P and Q, if P and Q both approach 
infini ty, become very large in comparison with the 
remaining terms. Thus, when P and Q become infinite, 

Obt I.Pt+IyQ 1 

I, -AJFTW) 

or 

Obt_ Iz cos* <3+I g sin 2 <3 
I P ~ A 
When y and z are the principal axes of the section, 
J, cos 4 /3+J„ sin 2 p is the moment of inertia of the 
cross section about a line that passes through the 
centroid and the axis of rotation. If j3=0° or 180° 



Ob 



L 
'A 



of the skin in its own plane. The stiffness of the skin 
in its own plane and the anchorage of the skin at the 
sides of the panel tend to prevent such a movement 
and the axis of rotation is forced to lie in the plane of 
the skin. 

For a column the cross section of which is symmetrical 
about its two principal axes, one of which is normal to 
the skin, the .axis of rotation will lie in the plane of the 
skin and be either at infini ty or at the point where the 
principal axis crosses the skin. This statement is 
illustrated in figure 12 in which values of j„u for a 
family of I section columns having the same dimen- 
sions as those of figure 9 are plotted against jr for differ- 
ent locations of the axis of rotation in the plane of the 
skin. For simplicity, the skin is assumed to be at the 
center of one flange. Inspection of figure 12 shows 
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7 .8 .3 1.0 I.I 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0 
b/h 

Fiqube 11.— Variation of Kb!WW with ft/A for different values of lijti, when the axis of rotation Is at the centrold of an I section column. 



200,000 



150,000 



100,000 



50,000 




I.O 



2.0 



2.5 



3.0 



1.5 
b/h 

FiauBE 12.— Variation of the critical stress with ft/A for different locations of the axis of rotation along the center line of one flange (extended) of anlsection column with pin 
ends. Curves drawn for 6-2 inches, fi"=-f»>=0.1 Inch, length— 17.1 inches, and S-10 1 pounds per square inch. 
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that, for values of between 0 and 1.90, the critical 

stress is lowest when the axis of rotation is at the web. 

For values of jr greater than 1.90, the critical stress is 

lowest when the axis of rotation is at infinity in the 
plane of the skin. 

As in the ease of free columns (fig. 9), the location of 
the crossing point A in figure 12 will depend upon the 
particular dimensions selected for the family of columns. 
Regardless of the dimensions used, the lowest critical 
stress will always be given by one of the two locations 
of the axis of rotation previously mentioned; i. e., in 

the plane of the skin either at infinity ^ =00 ^ or a * ^ e 

point where the principal axis crosses the skin 0r=O^« 

Again, as in figure 9, the necessary use of a reduced 
modulus at stresses above the proportional limit does 
not invalidate the conclusions drawn from figure 12. 

When a column of I section is attached to a skin, it 
is not practicable to give a simple criterion by which 
the location of the axis of rotation may be determined. 
In view of the fact that the axis of rotation will be either 
at infinity in the plane of the skin or at the point where 
the principal axis crosses the skin, the critical stress for 
these two locations should be computed and the lower 
value regarded as the failure stress. "When the axis 
of rotation is at infinity in the plane of the skin, the 
critical stress is given by equation (2) with I=I t . In 
order to facilitate the computation of f^u when the 
axis of rotation is at the point where the principal axis 
crosses the skin, figures 13 and 14 have been prepared 
from which the values of K and K B may be obtained 
for substitution in equation (12). 

Effect of the skin in changing the section properties 
of the column. — In the preceding section it was assumed 
that the only effect of the skin was to provide lateral 
support to the column. Inasmuch as the skin is at- 
tached to the column, however, it will also carry a part 
of the compression load on the column and the stress 
in the skin at its point of attachment will be the same 
as that in the column. Usually the stiffener spacing 
in terms of the sheet thickness is such that the skin 
will buckle between stiffeners and only a small width 
adjacent to each stiffener will be effective. In refer- 
ence 1 it is shown that, when failure occurs by bending 
of the stiffener normal to the skin (axis of rotation at 
infini ty in the plane of the skin), the effective width, 
which is dependent upon the column stress, may be 
considered to be a part of the column cross section and 
is to be included in the computation of section properties. 

When the axis of rotation is at the point where the 
principal axis crosses the skin, twisting of the stiffener 
about this axis will cause a rotation of the skin near the 
stiffener. If it is assumed that the effective width of 
skin rotates with the stiffener, the following increments 



must be added to J, I p , and 0 B t as evaluated for the 
stiffener when the skin was assumed to provide only 
lateral support for the stiffener, 



where 



AJ=±Ut* 



(21) 

(22) 
(23) 

(24) 



In these equations t, is the thickness of the skin and U 
is the effective width of skin that acts with the stiffener, 
carries the same stress as the stiffener, and is assumed 
to be continuous across the stiffener and symmetrically 
located with respect to the web of the I section. The 
evaluation of U is included in the illustrative problem 
of appendix A. 

Effect of the skin in providing restraint to twisting of 
the column. — When a column is attached to a skin and 
the axis of rotation is at a point other than infinity in 
the plane of the skin, the rotation of the column cross 
section at failure is resisted by bending of the skin pro- 
vided that the skin is supported by adjacent stiffeners 
or other structure. A theoretical analysis of this effect 
has been reserved for a future report. Only a brief 
summary of the subject is given herein. 

It may be stated that the effect of the bending stiff- 
ness of the skin in providing resistance to twisting of 
the column attached to the skin is such as to increase 
the critical stress given by equation (1) or (12) by an 
amount 

A7crf«- 6(1 _ /x - 2)dJj; ^ 

then 

~QJ , G BT **BJ , KiEt? 



(25) 



3 (26) 



where d is the stiffener spacing. 

K u a constant depending upon the conditions of 
support of the skin at the adjacent stiffener 
or other structure. 

It will be noted that in equation (26) ZF and 2? have 
been substituted for Q and E, respectively, in equation 
(1). The substitution of for E at this time was made 
to distinguish between the value of E associated with 
longitudinal stresses in the stiffener and its effective 
width of sheet and the value of E associated with bend- 
ing of the skin between stiffeners. The desirability of 
distinguishing between these two values of E will be 
explained in a later section of this report in which the 
evaluation of E and 6 is discussed. 

If the two ends of the stiffener are held against rota- 
tion about the axis of rotation and the end cross sec- 
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.5 .6 .7 .8 .3 1.0 I.I 12 1.3 1.4 1.5- 1.6 1.7 1.8 1.9- 2.0 
b/h 

Flaunt 13.— Variation of AT with b/h for different values of tklU when the axis of rotation Is at the Intersection of the center lines of the web and flange of an I section column 




.1 .2 .3 4 .5 .6 7 .8 .9 1.0 I.I 1.2 

b/h 

FiotraE 14.— Variation of KbJWW with b/h for different values of fi/f » when the ads of rotation Is at 

I section column. 
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the Intersection of the center lines of the web and flange of an 
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tions are free to have longitudinal displacements, Lo 
cannot exceed the length L. For a skin approaching 
zero thickness Zo will be equal to L. (See fig. 3 (b).) 

In. general, however, io=~ where n has integral values 

lb 

(n=l, 2, 3, 4, etc.). Thus, when £o=- there will be a 

particular value of n for each skin-stiffener combination 
that will cause /en, to be a minimum. A trial calcula- 
tion should be made with n—1, 2, 3, 4, etc. to deter- 
mine which value of n gives the lowest critical stress. 
This critical stress should then be compared with that 
for bending in a plane normal to the skin (reference 1) 
and the lower of these two stresses regarded as the stress 
at failure for the stiffener and its effective width of 
skin. 

No information has thus far been given regarding the 
value of Ki to be used in equation (26). For a stiffener 
that has one principal axis normal to the skin and that 
is also symmetrical about this principal axis, the value 
of Ki may be taken from the curve given in figure 15 
provided that the total compression load is equally 
divided among several stiffeners of the same dimensions- 
spaced at equal intervals along the skin. This curve 
for Ki was calculated by the energy method (reference 
8, p. 584, art. 39) on the following assumptions: 

(a) The full width of akin between stiffeners provides 
resistance to twisting of the stiffener. 

(b) The akin is not under edge compression and is 
therefore flat until twisting of the stiffener occurs. 

(c) When the stiffener twists, the skin takes the shape 
of a circular arc between stiffeners and a sine curve of 
half wave length Lq parallel to the stiffeners. 

Because the width of the effective skin that acts with 
the stiffener is small, any error that may result from 
assumption (a) is likely to be small. Of the three 
assumptions, (b) is probably the most questionable. 
Under load the skin is always subjected to edge com- 
pression and usually buckling of the skin occurs prior 
to twisting of the stiffeners. Because Lq is usually 
several times the half wave length that forms when the 
skin alone buckles, any buckling of the skin prior to 
twisting of the stiffener tends to increase the effective 
thickness of the skin and hence the resistance of the 
skin to twisting of the stiffener. The increase in strength 
caused by the increase in effective thickness of the skin 
tends to offset any reduction in strength caused by the 
edge compression. The assumptions made under (c) 
are the most reasonable that could be made following 
(a) and (b) without greatly complicating the mathemat- 
ics of the problem. 

Until the curve for K t given in figure 15 has been 
checked by tests, it should be used only as a guide to 
design. As such, it will point the direction toward a 

ore efficient proportioning of material between skin 
and stiffeners. (See appendix A.) In the skin-stiffener 



combinations that are likely to be used in practice -g 

will usually be greater than 3. For these cases it will be 
satisfactory to use 2£i=2, the asymptote for the curve 
of figure 15. 




0 2 4.6.& 10 oj 



Figure 15.— Values of £Ti for use in equations (25) and (20). 

Effective modulus of elasticity. — For columns that 
fail by bending, the critical stresses depart from the 
theoretical values given by the Euler formula at low 
values of the slenderness ratio. Consequently, an 
empirical straight line or parabolic curve is frequently 
drawn on the column chart to give the critical stress 
in this range. Likewise, for the general theory there 
will be a similar departure of the critical stress from the 
theoretical values given in this report and empirical 
curves must be found to give the strength for short 
lengths. 

For a column that fails by bending, the reduced 
strength at short lengths is explained by the double- 
modulus theory of column action (reference 8, p. 572, 
art. 37, and references 9 and 10). This theory follows 
briefly: When a straight, centrally loaded column is 
stressed above the proportional limit for the material 
and deflected, the stress on the concave side increases 
according to the tangent modulus E' for the material 
(the slope of the stress-strain curve at the stress con- 
cerned) while the stress on the convex side decreases 
according to Young's modulus E for the material. The 
critical stress is then given by the Euler formula when 
an effective modulus E is substituted for E. The 
effective modulus is dependent upon the shape of the 
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column cross section as well as upon E' and E and is 
given by the following general expression (references 9 
and 10): 

E= EL+Eh (27) 

where, according to Osgood (reference 9), "Ii is the 
moment of inertia about the axis of average stress 
[zero bending stress, see fig. 16] of the part of the cross- 

Bending stresses: 
Decrease Increase 




from which 



Fioobe 18.— Stress distribution for double-modalus theory. 

sectional area which suffers an increase of stress at the 
instant of failure of the column, J 2 is the moment of 
inertia about the axis of average stress of the part of 
the cross-sectional area which suffers a decrease of 
stress at the instant of failure of the column, and / is 
the moment of inertia of the total cross-sectional area 
of the column about the centroidal axis normal to the 
plane of bending. The position of the axis of average 
stress is denned by the relation E'Si=ESi where S x 
and Si are the statical moments about the axis of 
average stress, respectively, of the two parts of the 
cross-sectional area just mentioned in connection with 
Ii and U" 

The effective modulus has been evaluated for a num- 
ber of cross sections. For a rectangular section (refer- 
once 4, p. 242, equation (161)) 



from which 



"(-/£'+ -JE'Y 



^ 4 



E 
E 



(f) 



"( 



(29) 



J 



For an I section with a web of negligible thickness and 
with bending in the plane of the web (reference 9, 
equation (4)) 

E=£^-, (30) 



E 



(31) 



In the theory for primary failure as herein presented 
there is a double-modulus action, similar to the double- 
modulus action in bending, when the column is stressed 
above the proportional limit for the material. In view 
of the fact that this double-modulus action is concerned 
only with longitudinal bending stresses, an effective 
modulus will be substituted for E in the second term 
of equations (1) and (12). Itis shown theoretically in 
appendix C that this value of Eh 



— E'Cbti~\-ECbt- 

E=* 7r 

List 



(32) 



where C B t x is the value obtained from equation (4) 
when the integration is made over the part of the cross 
section that suffers an increase of stress at the instant of 
failure of the column, C BTi is the value obtained from 
equation (4) when the integration is made over the part 
of the cross section that suffers a decrease of stress at 
the instant of failure of the column, and C ST is the value 
obtained from equation (4) when the integration is 
made over the entire cross section as previously out- 
lined. In order to locate the points of average stress 
(zero bending - stress), which define the limits of integra- 
tion for Can 0 B T t , the reference plane must be so 
located that 

E'J'D 1 dA+EJ'D 2 dA=0 (33) 

where A and D 3 are the longitudinal displacements 
used in the evaluation of Gbti @bt v respectively. 
Physically, equation (33) means that the summation of 
the forces on the cross section that result from the 
longitudinal displacements is zero. 

When the column is stressed above the proportional 
limit for the material, the shear modulus Q, which is 
related to E, must be corrected to correspond to the 
reduced modulus E for the column. A theoretical 
treatment of this problem does not appear to have 
been published. Bleich (reference 11) used for the 
effective shear modulus 



where 



E 
T= E 



(34) 
(35) 



It was reasoned that the percentage reduction in 67 was 
not so great as in E. Because t is always equal to or 
less than unity, Bleich selected -Jt Q as & convenient 
expression for the effective shear modulus, 



156 



REPORT NO. 582 — NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 



After analyzing the results of some 500 tests on angle 
columns where failure occurred by twisting, Koll- 
brunner (reference 12) concluded that the effective 
shear modulus was best given by the equation 



(36) 



As this value of C? is based upon test data, it is recom- 
mended that it be used in preference to the value given 
by equation (34) to express the reduced shear modulus. 
Thus, when the column isjstressed above the pro- 
portional limit, the value of 6 given by equation (36) 
should be substituted for 6 in the first term of equa- 
tions (1) and (12). 

When the axis of rotation is at infinity on either of 
the principal axes, equation (32) reduces to equation 
(27). It can be shown that, when the axis of rotation 
is at the centroid of an I section, the value of E is the 



pleted, it appears that the shift of the axis of rotation 
in the plane of the skin is small, for columns of prac- 
tical dimension, and that the values of E are near those 
given by equations (28) and (30). 

In figure 19 it is shown that the values of E as given 
by equations (28) and (30) are very nearly the samo 
as the values for a thin circular ring or a tube. In 
view of this fact it appears justifiable for practical 
use to assume that B for the I section is the same as 
Sfor the thin-wall tube in bending. Dr. W. E. Osgood 
of the National Bureau of Standards suggested that 
the column curves constructed by the theory of this 
report be made consistent with the curves now used 
for tubes, which are determined from column tests, 
by evaluating E according to the following procedure: 

1. Assume a series of values for the slendernoss 

ratio — • 
P 



E/E 




Fiqube 17.— Variation of E/E with E 4 'IE for 
an I section column when the ails of 
rotation Is at the centroid or at infinity on 
the principal ails parallel to the web. 



FroTTBE 18.— Variation of with E7E for 
an I section column when the axis of 
rotation Is at infinity on the principal arts 
normal to the web. 



Fiotoe 19— Variation of E/E with E'/E for 
a rectangular section, a thin olrcular ring, 
and an I section in bending. 



same as when the axis of rotation is at infinity on the 
principal axis parallel to the web. For these two 
locations of the axis of rotation the value of E can 
conservatively be assumed to be the same as that 
given by equation (28) for the bending of a rectangular 
cross section. This close agreement is shown in 

"e E r 

figure 17 where values of are plotted against -g-- 

When the axis of rotation is at infinity on the prin- 
cipal axis normal to the web of an I section, the value 
of E will in all cases He between that given by equations 
(28) and (30), as shown in figure 18. It will therefore 
be conservative to assume that S is given by equation 
(30) for this case. 

When the axis of rotation is at the point where the 
principal axis crosses the skin, the considerations of 
the double-modulus action result in a lack of symmetry 
for the I section. This lack of symmetry may cause 
the critical stress to be a minimum when the axis of 
rotation is slightly shifted in the plane of the skin. 
Although a study of this condition has not been com- 



2. By means of the accepted column curve for tubes 
of the material under consideration, determine the 
critical stress /„•(,. 

in 

3. Substitute the assumed values of — and the 

P 

corresponding values of j ait in the following equation 
to obtain E and plot a curve of f„u against E: 



E: 



(37) 



4. Correct this value of U! for the cross-sectiona] 
shape being used (figs. 17 to 19), if desired. 

In the construction of a column curve for a particular 
I section, the following procedure should be used: 

1. Select the location of the axis of rotation for which 
the column curve is to be drawn. 

2. Assume a series of values of j atl . 

3. From the curve of ~E against f„u previously 
derived, tabulate the values of E and (■? that correspond 
to the assumed values oiferu- 

4. Evaluate J, I p , and 0 B t- 
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5. Substitute J, I p , 0 B t, the assumed values oif„u, 
and the corresponding values of S and 6? in equation 
(1) or (12) and solve for the length La. 

6. The column curve is obtained by plotting the 
assumed values olf„ u against the computed lengths Lq. 

If the column is attached to a skin, the values of 
J, l p , and 0 B t calculated under 4 should be increased by 
the amounts AJ, Al P , and AC BT , respectively. These 
values together with the assumed values of / CT< , and the 
corresponding values of E and 15 are then substituted in 
equation (26), which is solved for the length La. A 
curve is then drawn by plotting the assumed values of 
f„ it against the computed values of La- This curve 
will be found to have a minimum, point at some par- 
ticular value of L 0 . Because La—^i where n is an in- 

tegral value (n=l, 2, 3, 4, etc.), the strength for any 
particular length L is obtained by choosing such a value 
of n as will cause the critical stress to be a minimum. 
(See appendix A.) 

CONCLUSIONS 

The following conclusions apply when primary col- 
umn failure is denned as any type of failure in which 
the cross sections are translated, rotated, or both 
translated and rotated but not distorted. 

1. When primary failure occurs in a pin-end col- 
umn that is straight and centrally loaded, the general 
equation for the critical stress is 

, VJ.Cbt **E 

In the derivation of this equation it is assumed that 
the cross sections rotate about an axis parallel to the 
column. The factors I P and C B t depend upon the loca^- 
tion of this axis, which is called the "axis of rotation." 

The first term 5^ gives the critical stress for a pure 

twisting failure about the axis of rotation. The second 

term i s in the nature of a correction for the 

effect of length caused by longitudinal bending stresses 
when the end cross sections are held against rotation. 
All possible combinations of translation and rotation 
of the column cross section are obtained by letting the 
location of tbe axis .of rotation vary from zero to 
mfinity in every direction. 

2. The theory for primary failure shows that, for a 
free column with a cross section symmetrical about its 
two principal axes, the axis of rotation will be at either 
of the two following locations depending upon which 
location gives the lower stress: 

(a) The center of twist, which is at the centroid of 
the section. 

(b) Infinity on tbe principal axis about which the 
moment of inertia is the smaller. 

Location (a) gives the condition for twisting failure; 
location (b), the condition for bending failure. 



3. For a pin-end free column of I section symmetrical 
about its two principal axes the critical stress will Toea 
minimum when the axis of rotation is at infinity on 
the principal axis parallel to the web, provided that 
the two following conditions are met: 

^<14.7 

and 

When these conditions are not satisfied, the critical 
stress should be computed for the axis of rotation 
located at the centroid and compared with the critical 
stress for bending about the axis of minimum moment 
of inertia. The smaller of these two values will then 
be the stress at which failure occurs. 

4. When a column is attached to a skin, the great 
stiffness of the skin in its own plane causes the axis of 
rotation to lie in the plane of the skin. When the 
column cross section is symmetrical about its two prin- 
cipal axes, one of which is normal to the skin, the axis 
of rotation will be at either of the two following loca- 
tions depending upon which location gives the smaller 
stress: 

(a) The point where the principal axis crosses the 
skin. 

(b) Infinity in the plane of the skin. 

Location (a) gives the condition for twisting failure 
when the column is attached to a skin; location (b), 
the condition for bending normal to the skin. 

5. When a column is attached to a skin and the axis 
of rotation is at a point other than infinity in the plane 
of the skin, the rotation of the cross sections about the 
axis of rotation is resisted by the bending stiffness of 
the skin. The effect of this restraint is to increase the 
critical stress by an amount 

K t Et, 3 L> 

and the critical stress becomes 

, 6 J , C BT rME , KiEt, 3 L* 
Uu ~T p ± 'l p ~ L* + Q(.l-^)dI P ^ 

In this equation n=l, 2, 3, 4, etc., the number of half 
waves that develop in the stiffener in the length L. A 
trial calculation is necessary to determine which value 
of n gives the lowest critical stress. This critical stress 
should then be compared with that for bending in a 
plane normal to the skin and the lower of these two 
stresses regarded as the stress at failure for the stiffener 
and its effective width of skin. 

6. When the col umn length is small, there will be a 
departure of the critical stresses from the theoretical 
values given by this theory that is similar to the depar- 
ture from the Euler values in standard column curves^ 
It is because of this fact that the effective moduli E 
and 6 have been substituted for E and 6, respectively, 
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in 'certain terms of the equations for the critical stress. 
So long as the column is not stressed above the propor- 
tional limit, E and 6 are equal to E and Q, respectively. 
Above the proportional limit the substitution of Eiox E 
follows from the double-modulus theory of bending 
where 

— E' Obtj^t ECbt 3 
JL= fj 

For the evaluation of 6, the following empirical expres- 
sion is recommended: 

where 

E 
T =S " 

7. When the axis of rotation of a symmetrical I 
section column is at the center of twist (centroid) or at 
infinity on one of the principal axes, the value of ,E is 
very nearly the same as that for a thin-wall tube of the 
same material in bending. When the axis of rotation 
is at the point where the principal axis crosses the skin, 
the considerations of the double-modulus action result 



in a lack of symmetry for the I section. This lack of 
symmetry may cause the critical stress to be a minimum 
when the axis of rotation is slightly shifted in the plane 
of the skin. Although a study of this condition has not 
been completed, it appears that the shift of the axis of 
rotation in the plane of the skin is small for columns of 
practical dimensions and that the values of E are also 
near those for a thin-wall tube in bending. 

8. The value of E varies with the critical stress and 
should be computed from the accepted ■ column curve 
for the material by use of the following equation: 

If desired, this value of E may be corrected for different 
cross-sectional shapes. 



Langley Memorial Aeronautical Laboratory, 
National Advisory Committee for Aeronautics, 
Langley Field, Va., August 17, 19S6. 



APPENDIX A 



ILLUSTRATIVE PHOBLEM 

Problem: To construct the column curve for an I 
section column of 24S-T aluminum-alloy material 
[E= 10,537,000 pounds per square inch), with the di- 
mensions shown in figure 20, used as a stiffener on skin 
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Detail A. 



Centroid of column-, 
(Stiffener and 
effective skin) 
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See detail A- ■•-» 







Fiqure 20.— A skln-stlfTener combination. 

0.025 inch thick. It is assumed that the stiffenera are 
spaced at 4-inch intervals along the skin and that all 
stiffenera are equally loaded in compression. 

Effective moduli E and G for 24S-T aluminum alloy. — 
It is assumed that the pin-end column strength of 24S-T. 
tubes is given by the straight-line equation 



fcru=58,Q00 



-527^ 
P 



(38) 



for values of the slenderness ratio — between 9.5 and 

P 

73. Below —=9.5 it is assumed that the critical stress 

is 53,000 pounds per square inch. Above y=73 the 
stress is assumed to be given by the Euler formula 

r'E 



fait — 



(39) 



The calculations for the effective moduli E and Q are 
made as follows, the results of which are given in table I: 



1. Assume a series of values of — 

p 

38G48— 38 12 



2. Compute/^,, from 

Uu= 58,000 -527^ for 9.5<^<73 



, T?E 

W)' 



for£>73 



3. Using the computed values of j ai „ compute E, 
from 



E= 



(37) 



4. Compute t from 



E 



T=g, £=10,537,000 
5. Compute Q from 

ff=[^£]<?, <?=0.385#=4,057, 



000 



Effective width of skin that acts with the column'. — 
It is assumed that the column is attached to the skin 
with two lines of rivets one-half inch apart. The width 
of the skin between the rivet lines is therefore 20t,. 
The effective width outside the rivet lines is assumed to 
be given by the von Karman equation for the effective 
width with the coefficient of 1.70, established in ref- 
erence 1, 

2&,= 1.70f.,/2- (40) 

Professor Joseph S. Newell and Mr. Walter H! Gale in 
an unpublished report of aircraft materials research 
at the Massachusetts Institute of Technology for 1931- 
32 recommend the value of 1.73 for the coefficient in 
the von Karman equation. 

As the width 20f, between the two rivet lines is less 
than the smallest value of 2b, given by equation (40) 
when/„. it = 53,000 pounds per square inch, all the ma- 
terial between the two rivet lines must be considered 
as effective and the total effective width of skin that 
acts with the column and carries the same stress as the 
column is 

£7=0.5+26, (41) 
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The effective width of skin is calculated as follows, 
the results of which are given in table LT: 

1. Assume a series of values of j a u- (For con- 
venience, use the same values as given in table I.) 

2. Compute 2b, by equation (40). 

3. Compute U by equation (41). 

Axis of rotation at infinity in the plane of the skin 
for bending failure. — In the report proper it has been 
shown that, when an I section column is attached to a 
skin, the axis of rotation will be either at infinity in the 
plane of the skin or at the point where the principal 
axis crosses the skin. The column curve must there- 
fore be drawn for each location to determine which 
location gives the lower critical stress. 

When the axis of rotation is at infinity in the plane 
of the skin, the critical stress is given by the Euler 
formula, equation (2) or (39), with ~E substituted for E. 

For this case ^> equation (2), is calculated about a cen- 

troidal axis parallel to the skin considering the effective 
area of the skin TJt, as a part of the column cross section. 
The calculations for the construction of the column 
curve are made as follows, the results of which are given 
in table HI: 

1. Assume a series of values of j a u- (For conven- 
ience use the same values as in table I.) 

2. Compute area of effective skin, Vt,. (For U see 
table EE.) t,= 0.025. 

3. Compute total area of column cross section, from 
A=A,nf f -\-Air 

where -A, <w =area of s tiff ener= 0.15 sq. in. 

^£7= area of effective skin= 0.025 U 

4. Compute the centroid of the column cross section 
(including the effective skin) and tabulate the distance 
Qi from the center line of the skin to the centroid, 



0. 



A A 



12^) m A sm (0.5375) geefig>20 j 



5. Compute the moment of inertia, of the complete 
column cross section (area A), about the centroidal axis 
parallel to the skin 

=0.004167+0.025+0.15 (0.5375— Q^+Ut.Q^ 

6. From table I obtain the values of E that cor- 
respond to the assumed values olf aU . 

7. Compute the lengths Lo that correspond to the 
assumed critical stresses by use of the Euler formula 
where i^has replaced E, 



1 1 E 
^Afc, 



In figure 21 the assumed values of j„ u are plotted 
against the computed values of I*. For a col umn with 
pin ends, Lq=L. Hence figure 21 is the column curve 



for the axis of rotation at infinity in the plane of the 
skin (bending failure). This direct calculation for ob- 
taining the col umn curve when failure occurs by bend- 
ing normal to the skin is preferable to the trial and error 
procedure recommended in reference 1. 

Axis of rotation at the intersection of the center 
lines of the web and skin — twisting failure. — Tho 
calculation for tbe construction of the column curve 
when the axis of rotation is at the intersection of 
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Fjoube 21— The column cm-re for bending failure of tbe skln-sUUoner combination 
shown in figure 20. The axis of rotation to at Infinity In tbe plane of the skin, 

the center fines of the web and skin are similar to those 
for the axis of rotation at irifinity in the plane of the 
skin. The calculations are made as follows; the results 
are given in table IV. 

1. Assume a series of values for f„ u . (For conven- 
ience use the same values as in table I.) 

2. Compute A J from 



3. Compute J from 

J=J.tt/f+ 

1 2 
where J, W /=^ht h 3 +^bt p 3 



4. Compute Al p from 



Al,=^ ZPt, 



(21) 



(13) 



(22) 



5. Compute I p from 
where 

I,. ti ft=^h%+^h*bt 0 +±bH b +[ht h +2bt a ) [P*+Q*] (14) 
In the evaluation of equation (14), note that 
P=0 and <3=|+^-*=0.5376.) 
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6. Compute AO B t from 



7. Compute C BT from 
where 



CbT — 0 B T tlif f\-&C B T 



12 



(24) 



(6) 
(8) 



W , hH h 3 



72 1 144 



"6-^+12^ 



161 
(10) 



(In the evaluation of equation (6), note that P=0 
and £=0.6375.) 

8. From table I obtain the values of E and 0 that 
correspond to the assumed values oifa- u . 

9. Solve equation (26) for JL\. 



, = / -r¥-^>VI?^4-l^1K^1 



(42) 



Evaluate equation (42) using values of J, I p , C B t, 
0, and E that correspond to the assumed values of 
fcrul and 

M=0.3 

E= 10,537,000 lb. per sq. in. 
d=i in. 
t,= 0.025 in. 
K x =2 

In figure 22 the assumed values of j„u are plotted 
against the computed values of Iq. From this figure 
the col umn curve for twisting failure is derived in the 

following manner. Put Zo equal to ^ and then plot 

curves of j„u against L for n=l, 2, 3, 4, etc. The 
column curve is then given by the lowest portions of 
the several curves and is shown by full lines in figure 23. 

Column curve for primary failure. — It has been pre- 
viously shown that primary failure will occur either by 
bending or by twisting, depending upon which type of 
failure gives the lower critical stress. The column 
curves of figures 21 and 23 are therefore combined as 
shown in figure 24 to obtain the column curve for 
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Fiqtjbe 22.— Critical stress plotted 
combination shown in figure 20. 
center lines of the web and the skin. 



jt io for twisting failure of the skuwtuTener 
axis of rotation is at the Intersection of the 
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Fiquee 23.— The column curve for twisting failure of the skin-stlffener combination shown In figure 20. The axis of rotation Is at the intersection of the web and the skin. 
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primary failure. It will be noted that, at lengths less 
than 27.4 inches, failure occurs by twisting; whereas, at 
lengths greater than 27.4 inches, failure occurs by 
bending. 

Discussion. — In the computed tables for this illus- 
trative problem it will be noted that some of the factors 
are small and might have been neglected. All of the 
factors, however, have been included to show their 
relative numerical values and the method of evaluation. 
The designer may therefore shorten the calculations 
here outlined by neglecting the unimportant factors, if 
desired. 
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Fiqdbe 24.— Tho column curTe for primary lanure of tbe stta-stlffener combination 
shown In figure 20. 

In the foregoing calculations for twisting failure 
it was assumed that Si =2 regardless of the value of 

La 

-g- This value of K x was selected because of the 

possible uncertainty in establishing a more definite 
value, as discussed in this report. If it had been 
desired to use the values of K x given by the curve of 
figure 15 rather than the asymptotic value -Ei=2, 
the calculation of La would of necessity have been by 

trial and error because K x varies with ^jp- 

When a skin-stiffener combination is loaded in com- 
pression, buckling will first occur in the skin provided 



that the stiffener spacing divided by the skin thickness 



- is sufficiently large. 



Because the skin is attached 



to the stiffeners, the buckling of the skin will twist the 
stiffeners and form small waves in them, the lengths of 
which are the same as those in the skin. In this con- 
dition the stiffeners are not ready to buckle of them- 
selves but are forced to buckle by the skin. The stiff- 
eners therefore resist buckling of the skin. 

Now, if the load on the skin-stiffener combination is 
increased, the waves in the skin and the corresponding 
waves in the stiffeners grow larger. Finally a load is 
reached at which the stiffeners buckle of themselves. 
The type of buckling that occurs in the stiffeners will 
be that associated with the lowest critical stress. On 
the assumption that local buckling does not occur, the 
stiffeners will either buckle by deflection perpendicular 
to the skin in the manner of an ordinary column or 
will twist about an axis in the plane of the skin. If 
twisting occurs, the skin will resist twisting of the stiff- 
eners. The column curves derived by the methods of 
this report give the critical stress at which the stiffeners 
begin to buckle (bend or twist) of themselves. Beoause 
the stiffeners are the main strength element in a 
skin-stiffener combination, it seems quite proper that 
the strength of the combination should be based on 
the strength of the stiffeners. 

When the stiffeners fail by twisting, it is quite possi- 
ble that tests will show the ultimate load for a skin- 
stiffener panel in compression to be greater than the 
critical load at which twisting begins. The reason for 
this belief is that when the stiffener twists, the material 
adjacent to the axis of rotation is not laterally dis- 
placed and is therefore capable of further compression. 
The amount by which the ultimate load will exceed 
the critical load at which buckling begins is dependent 
upon a number of factors the consideration of which is 
beyond the scope of this report. 

Until the results of extensive tests made especially 
to check the theoretical behavior of skin-stiffener 
combinations in compression become available, the 
designer should conservatively assume that failure 
occurs when the buckling load is reached. The methods 
outlined in this report and illustrated in this appendix- 
may therefore be used to derive column curves for 
different skin-stiffener combinations. By comparison 
of the strength-weight ratios the most efficient combi- 
nation of skin and stiffeners can be selected. 



APPENDIX B 



APPLICATION OF THE THEORY FOR PRIMARY FAILURE TO A 
COLUMN OF CLOSED SECTION 

Equation (1), which has heretofore been applied to 
columns of open section, can also be applied to columns 
of closed section provided that all the factors appear- 
ing on the right-hand side of the equality sign can be 
evaluated. It will be shown how these factors can 
bo evaluated for a thin-wall column of closed rectangu- 
lar section, symmetrical about its two principal axes. 
(See fig. 25.) 



h 

2 

L 



A' 



\ 

Axis of rotation 
Fioube 25.— A thin-wall rectangular tabs. 

Evaluation of GJ/I V . — Except for J and 0 BT all of 
the factors that enter into equation (1) are readily 
evaluated by standard methods. For the closed section 



J= 



4A 2 

I? 



(43) 



where A is the area enclosed by the center lines of 
the wall of the rectangular tube. 

cfe, differential element of the perimeter. 
t, wall thickness of ds. 
For a square tube of constant thickness equation 
(43) becomes 

J=bH 

Because the square tube is symmetrical about its two 
principal axes, the critical stress will be a minimum 
when the axis of rotation for the free column is either 
at the centroid (center of twist P=0, Q=0) or at 
infinity on one of the principal axes. The critical 
stress when the axis of rotation is at the centroid will 
be greater than that given by the first term of equation 
(1) or 



QJ 0.Z85MH 3 



Q-0 



^(0.385S) 



or, if E'=10 7 pounds per square inch, 



>2,885,000 pounds per square inch 



As this value of the critical stress is much greater 
than the yield-point stress for any engineering material 
with 2?=10 7 pounds per square inch, it may be con- 
cluded that the large torsional rigidity of a closed 
section precludes any type of primary failure except 
bending failure; i. e., axis of rotation at infinity on 
one of the principal axes. 

Evaluation of G BT - — In order to show that 0 BT can 
be evaluated for a closed section, the expressions for the 
longitudinal displacement at the center hues of the wall 
of the tube will be derived. In view of the conclusion 
in the preceding paragraph, the value of this work will 
be more in the possibilities offered in the calculation of 
the stresses in monocoque shells, such as airplane wings, 
fuselages, floats, and hulls than in the solution of the 
column problem. 

First, the longitudinal displacements caused by the 
twisting of the section about its centroid will be deter- 
mined (P=0, Q=0 in fig. 25). If the tube is assumed 
to be slit longitudinally on the z axis at A— A', the 
closed section becomes an open section. Now imagine 
a portion of length tic to be twisted an amount d<p about 
the centroid (center of twist for the closed section). 
The longitudinal displacements of the points on the end 
cross section caused by such twisting can then be deter- 
mined in the same manner as for an open section. 
These displacements with respect to the original plane 
of the end cross section are, at a distance s measured 
from 

B toward A, ~{^+^] 



C toward B, —l 



D toward C, 
D toward C, 



C toward B' 



B' toward A' 



~kb , As - ] 
4 + 2 J 

-m 



(LD-6) 



The longitudinal displacement of A (just above the 
slit) is 

-B[Kb] 
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and of A' (just below the slit) is 

6[hb] 

The longitudinal displacement of A' with respect to A 



is therefore 



6[2Kb] 



In order to transform the open section, slit at A— A', 
into a closed section, equal and opposite shearing forces 
F are introduced in the slit to draw A and A' together. 
The magnitude of these shearing forces is determined 
by equating the integral of the shear strain in the 
section between A and A' to the longitudinal displace- 
ment of A' with respect to A when the section is slit 

which becomes for the section shown in figure 25 



from which 



dx h.b 



Q 



(44) 



The longitudinal displacement with respect to the 
original plane of the end cross section caused by the 
shearing force F in the slit is at a distance s measured 
from 



B toward A, 
C toward B, 
D toward O, 
D toward C, - 
C toward B', - 
B' toward A', - 



F tflh.b.sl 
5L2 <*"'"<» + <J 



Firih.sl 
CL2 t„ + u_\ 



2c 



zjrjfi 

aJ 



_f iri h , s~] 

dx G\_2 t^hj 

P lp h , b , 8~\ 
dx G[_2 t^t^hj 



CLD-7) 



Adding of these longitudinal displacements to those of 
(LD— 6) and substituting the value of F/dx from 
equation (44) gives at a distance s measured from 



B toward A, — 6 



C toward B, — 0 



D toward C, — 8 



D toward C, 6 



C toward B', 6 



B' toward A', 6 



~3hi bs hi 
4 2 It + b 

Tib , hs 



U fh sY 
~I~jL\2t>tJ 



'bs hi 



2 



h + b 



bs hi 



2 



h b{0 
'hi hs hb 

'Zhi , bs hi 



ft ,6 
t»t> 



(LD-8) 



The longitudinal displacements of (LD-8) apply to 
the closed section of figure 25 when the portion of 
length dx is twisted an amount dtp about the centroid. 
If the axis of rotation is now shifted from the centroid 
to the location defined by P and Q, in figure 25, certain 
terms must be added to (LD-8) that are analogous to 
the longitudinal displacements of (LD-2) and (LD-3) 
for the I section. These longitudinal displacements 
caused by translation are, at a distance s measured 
from 



B toward A, B "p0_^_^J 

C toward B, 6 [ P | +Q (I _S )] 
D toward C, 6 

D toward C, 6 -Ps+^J 

»[-4+e(H" 



C toward B 
B' toward A' 



(LD-9) 
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Addition of the longitudinal displacements given by equations (LD-8) and (LD-9) give at a distance s 
measured from 

~3hb , bs 



B toward A, —6 
C toward B, — 6 
D toward C, — 0 
D toward C, 6 
C toward B', 9 
B' toward A', 8 



4 

n>8 



4 n 2 
'Kb , hs 



2 
hb 



hb fh ,b s\ fh \ QV 



hb 



h,b 



2 



h + t b 



2 



2 

'AA , hs 



A ,6 



4 t 2 _ rriG^ + £) _ "2" +Q G )] 
*» *» J 

, bs hb fh , b , s\ P fh_\_QF\ 
h, bK&^t^tJ r \2 7 2 



(LD-10) 



Because the rectangular tube of figure 25 is symmet- 
rical about its two principal axes the reference plane 
coincides with the original plane of the end cross section. 
(See derivation of G BT for the I section.) Hence, 
(LD-10) gives the longitudinal displacements with 



respect to the reference plane. These longitudinal 
displacements when substituted for u in equation (7) 
with 6=1 give the major part of 0 BT - The minor part 
of Cbt is calculated in the same manner as for an open 
section. 



APPENDIX C 



DERIVATION OF THE THEORETICAL VALUE OF THE EFFECTIVE 
MODULUS E 

If G BTl is the value obtained from equation (4) when 
the integration is made over the part of tbe cross sec- 
tion that suffers an increase of stress at the instant of 
failure of the column, and E' is the modulus of elasticity 
for increasing stress, the work done by the increase in 
compressive stresses is (see equation (3) of reference 2) 

If G B t 3 is the value obtained from equation (4) when 
the integration is made over - the part of the cross sec- 
tion that suffers a decrease of stress at the instant of 
failure of the column, and Eis the modulus of elasticity 
for decreasing stress, the work done by the decrease in 
compressive stresses is 

±EC BTi f\<p"ydx 

The total work done by the longitudinal bending 
stresses is therefore 

^(E'0 BTi +EG B rd£(v''rdx (a) 

When the modulus of elasticity is the same for in- 
creasing stress as for decreasing stress, as it is in the 
elastic range, the total work done by the longitudinal 
bending stresses is 

lEC BT j\<p"y<h (b) 

If a modulus E~is substituted for E in this expression, 
the total work given by expression (b) can be made to 
have any desired value depending upon the value as- 
signed to E. If E is allowed to have only such values 
as will cause the total work given by (b) to equal that 
given by (a), it is found that 

E'G^^EGbt^ 
E= f; 

This value of IE is called the "effective" modulus when 
the column is loaded above the proportional limit. 

The total work done by the longitudinal bending 
stresses when the column is loaded above the propor- 
tional limit is therefore given by the expression 

±EG BT j\<p"ydx 

Thus when the column is loaded above the proportional 
limit, E should be substituted for E in Wagner's 
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equation for the critical stress, i. e., equation (1) of this 
report. 
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TABLE I 

EFFECTIVE MODULI E AND V FOR 24ST ALUMINUM 

ALLOY 





feHI 


S 


T 




7/ 


P 


\bjsq. In. 


lb./sq. In. 




2 


lb./sq. In. 


9.49 


53,000 


483,600 


a 0459 


0.1301 


527,000 


13.28 


51,000 


911,300 


.0366 


.1903 


771,000 


17.08 


49,000 


1,453,000 


.1370 


.2382 


066,400 


2a 87 


47,000 


2,074,000 


.1968 


.3203 


1,299,000 


24.67 


45,000 


2,775,000 


.2633 


.3883 


1,675.000 


28.46 


43,000 


3,529,000 


.3349 


.4663 


1,863,000 


32.28 


41.000 


4,323,000 


.4103 


.6254 


2,132,000 


36.05 


39,000 


6,135,000 


.4874 


.6891 


2,390,000 


39.86 


37,000 


6,953,000 


.6650 


.6583 


2,871,000 


43.64 


35,000 


6,754,000 


.6409 


.7208 


2,924,000 


47.44 


33,000 


7,525,000 


.7141 


.7796 


3.163,000 


51.23 


31,000 


8,244,000 


.7823 


.8334 


3,381,000 


55.03 


29,000 


8,893,000 


8444 


.8817 


3,677,000 


58.82 


27,000 


9,465,000 


.'8982 


.9230 


3.744,000 


60.72 


28,000 


9,713,000 


.9215 


.9407 


3.817,000 


62.62 


25,000 


9,933,000 


.9426 


.9563 


3,881,000 


66.41 


23,000 


10,278,000 


.9754 


.9815 


3,982,000 


70.21 


21,000 


10,489,000 


.9954 


.9965 


4,043.000 


73.00 


19,520 


10,637,000 


1.0000 


L0OOO 


4.057,000 


75.00 


18,490 


10,637,000 


L0000 


1.0000 


4,057.000 


80.00 


16,250 


10,637,000 


L0000 


1.0000 


4,057,000 


85.00 


14,390 


10,537,000 


L00OO 


1.0000 


4,057,000 


90.00 


12,840 


10,637,000 


1.0000 


1.0000 


4,057,000 


95.00 


11,620 


10,637,000 


1.0000 


1.0000 


4,057,000 


100.00 


10,400 


10,637,000 


L0O0O 


1.0000 


4,057,000 
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TABLE n 

EFFECTIVE WIDTH OF SKIN THAT ACTS WITH THE 
COLUMN 



Ml 


2 6, 


U 


lbjsq. In. 


inches 


inches 


53,000 


a 699 


1.099 


61,000 


.611 


Llll 


49,000 


.623 


1.123 


47,000 


.638 


1.136 


46,000 


.650 


1.150 


43,000 


.665 


L165 


41,000 


.681 


1.181 


39,000 


.699 


1.199 


37,000 


.717 


L217 


36,000 


.737 


1.237 


33, 000 


.769 


L259 


31,000 


.784 


L284 


29,000 


.810 


L310 


27,000 


.840 


1.340 


28,000 


.866 


1.366 


26,000 


.873 


1.373 


23,000 


.910 


1.410 


21,000 


.952 


L462 


10,620 


.988 


1.488 


18,490 


1.016 


1.516 


16,260 


L082 


1.682 


14,390 


L160 


1.850 


12,840 


L218 


L718 


11,620 


1.286 


1.785 


10,400 


LSS3 


L853 



TABLE HI 

CRITICAL STRESS FOR BENDING FAILURE 



ScHl 

lbjsq. in. 



53,000 
61,000 
49,000 
47,000 
45,000 
43,000 
41,000 
39,000 
37,000 
35,000 
33,000 
31,000 
20,000 
27,000 
28,000 
25,000 
23.000 
21,000 
19,620 
18,490 
16,250 
14,390 
12,840 
11,620 
10,400 



sq. In. 



0. 0275 
.0278 
.0281 
.0284 
.0288 
.0291 
.0295 
.0300 
.0304 
.0309 
.0316 
.0321 
.0328 
.0336 
.0339 
.0343 
.0363 
.0363 
.0372 
.0379 
.0396 
.0413 
.0430 
.0446 
.0463 



A 
sq. In. 



a 1775 
.1778 
.1781 
.1784 
.1788 
.1791 
.1796 
.1800 
.1801 
.1809 
.1815 
.1821 
.1828 
.1835 
.1839 
.1843 
.1853 
.1863 
.1872 
.1879 
.1896 
.1913 
.1930 
.1946 
.1963 



inch 



0.4512 
.4636 
.4627 
.4519 
.4509 
.4502 
.4492 
.4479 
.4469 
.4467 
.4442 
.4428 
.4411 
.4391 
.4384 
.4375 
.4361 
.4328 
.4307 
.4291 
.4252 
.4215 
.4177 
.4143 
.4107 



I 

ln.< 



0.0369 
.0359 
.0360 
.0381 
.0382 
.0362 
.0363 
.0381 
.0385 
.0368 
.0367 
.0368 
.0369 
.0371 
.0372 
.0372 
.0374 
.0376 
.0378 
.0379 
.0382 
.0385 
.0388 
.0391 
.0394 



lb./sq. in. 



483,600 
911,300 
1,463,000 
2,074,000 
2,776,000 
3,529,000 
4.323,000 
6,136,000 
6,953,000 
6,764,000 
7,625,000 
8,244,000 
8,898,000 
9,465,000 
9,713,000 
9,933,000 
10,278,000 
10,489,000 
10,637,000 
10,637,000 
10,537,000 
10,537,000 
10,537,000 
10,637,000 
10,637,000 



TABLE rv.— CRITICAL STRESS FOR TWISTING FAILURE 



/•ril 

lb./sq. in. 



63,000 
61,000 
49,000 
47,000 
46,000 
43,000 
41,000 
39,000 
37,000 
36,000 
33,000 
31,000 
29.000 
27,000 
26.000 
26,000 
23.000 



AJ 
In.< 



0.0000057 
.0000068 
.0000060 
.0000059 
.0000060 
.0000061 
.0000062 
.0000062 
.0000063 
.0000084 
.0000068 
.0000067 
.0000068 
.0000070 
.0000071 
.0000072 
.0000073 



J 
ln.< 



0.0001307 
.0001308 
.0001309 
.0001309 
.0001310 
.0001311 
.0001312 
.0001312 
.0001313 
.0001314 
.0001316 
. 0001317 
. 0001318 
.0001320 
.0001321 
.0001322 
.0001323 



AT, 
in.< 



0.00277 
.00286 
.00295 
.00306 
.00317 
.00330 
.00343 
.00350 
.00376 
.00395 
.00416 
.00441 
.00468 
.00501 
.00510 
.00639 
.00684 



I, 
ln.< 



0.G8360 



.08379 
. 0S389 
.08401 
.08413 
.08427 
.08442 
.08469 
.08478 
.08500 
.08524 
.08662 
.08684 



.08622 
.08667 



ACbt 
ln.» 



0.0000001 
.0000001 
.0000003 
.0000002 
.0000002 
.U0000O2 
.C0000O2 
.0000003 
.0000002 
.0000002 
.0000002 
.0000002 
.0000002 
.0000003 
.0000003 
.0000003 
.0000003 



'Car 
in.« 



0.00460 
.00460 
.00460 
.00460 
.00460 
.00450 
.00460 
.0O150 
.00450 
.00460 
.00460 
.00460 
.00-150 
.00460 
.00460 
.00460 
.00450 



a 

lb./sq. in. 



527,600 
771,900 
996,400 
1,209,000 
1,676,000 
1,863,000 
2,132,000 
2,390,000 
2,671.000 
2,924,000 
3,163,000 
3,381,000 
3,677,000 
3,744,000 
3,817,000 
3,88;, 000 
3,982,000 



lb./sq. in. 




in. 


in. 


483,600 


63.4 


2.2 


911,300 


52.1 


3.1 


1,463,000 


6a9 


4.0 


2,074.000 


49.4 


6.0 


2,775,000 


48.0 


5.9 


3,529.000 


46.5 


6.9 


4,328,000 


44.9 


7.9 


6,135.000 


43.2 


8.9 


6,963,000 


41.6 


iao 


6,764,000 


39.6 


11.2 


7,626,000 


37. 5 


12.5 


8,244,000 


35.3 


13.9 


8,898,000 


32.8 


15.6 


9,465,000 


29.7 


17.7 


9,713,000 


27.7 


19.2 


9,933,000 


23.6 


22.8 


10,278,000 


Imaginary 



inohes 



4.27 
5.97 
7.69 
9.38 
1L09 
12.80 
14.61 
16.21 
17.92 
19.62 
2L33 
23.03 
24.73 
26.44 
27.29 
28.16 
29.84 
3L65 
32.79 
33.68 
36.91 
38.16 
4a 36 
42.60 
46.80 



•C»~0.00149: C r =0.000006. 



